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Abstract 

In this sequel to [9] we develop Bezout type theorems for semidegrees (including an 
explicit formula for iterated semidegrees) and an inequality for subdegrees. In addition we 
prove (in case of surfaces) a Bernstein type theorem for the number of solutions of two 
polynomials in terms of the mixed volume of planar convex polygons associated to them 
(via the theory of Kaveh-Khovanskii [5] and Lazarsfeld-Mustata [6] ) 
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1 Introduction 



Disclaimer: This is an unpolished draft of the article. A clearer exposition (with more 
complete reference) is in order and this submission will be updated in a few days. 

This article is a sequel to [9]. In it we develop affine Bezout type theorems. In Section 3 we 
show that given a polynomial system of n equations on an n-dimensional affine variety, there 
are subdegrees which add nothing at infinity to generic fibers. In Section ?? we find estimates 
for the number of solutions of the system in terms of the properties of the subdegree. The 
estimate is exact if the subdegree turns out to be a semidegree. If in addtion the semidegree 
is of a special class called iterated semidegrees, then the formula turns out to be explicit and 
this is handled in Section 4. Finally, in Section 5, we show that the estimate for subdegrees is 
exact if n = 2. We also give an interpretation of this estimate in terms of the mixed volume 
of planar convex polygons associated to the subdegrees (via the theory of Kaveh-Khovanskii 
[5] and Lazarsfeld-Mustata [6]). 
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2 Existence of Intersection Preserving Filtrations 

Let X be an affine variety over K. Recall that for subsets Vi, . . . , Vm of X, a completion 
ip : X '—^ Z is said to preserve the intersection ofVi,..., oo if Fi fl • • • fl Vm H X^ = 0, 

where X^o := Z\X \s the set of 'points at infinity' and Vj is the closure of Vj in Z for every 
3- 

Lemma 2.1. Let T = {F^ : d > 0} be a complete filtration on A := K.[X], and ipjr : X "—^ 
X-^ := Proj A-^ be the corresponding completion. 

1. For each ideal q of A, let q-^ := ^d>o('^ ^ ^d) ^ ■ Then the closure ofV{c\) C X in 
X^ is V{q^). 

2. Let Vi, . . . , Vm be Zariski closed subsets of X with Vi = V{qi) for ideals qi Q A for each 
i. Let X be the ideal of A^ generated by qf^, . . . , q^ and (l)i. Then ipjr preserves the 
intersection ofVi,..., Vm at oo iff the VT D A-^, where A^ := ©^^^q is the irrelevant 
ideal of A-^ . 

Proof 1. Recall (example ??) that there exists d > such that (A-'^)^'^ := 0fc>o-ffc(i 
is generated by F^ as a K-algebra. Define a new filtration Q := {Gk : A; > 0} on by 
Gk '■= Fkd- Let . . . ,gm} be a K-vector space basis of Gi. Then A^ ^ {A^^'^ and by 

corollary ??, X^ := Proj A^ is the closure in P™(]K) of where (j) : X ^ K"^ is defined 

by: (l)(x) := {gi{x), . . .,gm(.x)). 

Let q be an ideal of A and V := V{q) be the Zariski closed subset of X defined by q. 
Let p := ker and r := ((/)*)~^(q), where 0* : K[yi, . . . ,ym] — ^ is the pull back by means 
of (f>. Identify X with V{p) and V with ^(r) in K™. Then X^ and the closure V^ of V in 
X^ are the Zariski closed subsets of P™(K.) determined by the homogenizations p of p and, 
respectively, t of r with respect to yo- 

Moreover, the closed embedding $ : X^ ^ P"^(]K) is induced by the surjective homo- 
morphism <I>* : M.[yo, . . . ,ym] — ^ A^ which maps yo i— t- (1)i and ?/j i— t- {gi)i for 1 < i < m. 
Therefore V in X^ is defined by the ideal $*(t). But the d-th. graded component of $*(r) is 

^*{ii)d) ■■= {^*(/(yo, ■ ■ ■,ym)) : / G t, / homogeneous, deg(/) = d} 
= {/((l)i,(5i)i,---,(5m)i): 

/ homogeneous in j/o, ■ ■ ■ , Vm, deg(/) = d, /(I, j/i, • • • , ym) G 4 

= {{f{^,9l,---,9m))d- 

f homogeneous in yo, ■ ■ ■ , Vm, deg(/) = d, /(1, 5i> ■ ■ ■ , fm) G q} 
= {{f{gi,---,9m))d- 

f polynomial in yi, . . . , y^, deg(/) < d, f{gi, . . • , £?m) G q} 
= {{9)d : 5 G q n Ga}, 

where the last equality is a consequence of A^ = K[{l)i,{gi)i,. . . ,{gm)i]- Then $*(r) = 
0d>o**((?)d) = ®d>o{i9)d : 5 G q n Gd} = q^. Now recall (example ??) that X^ and X^ 
are isomorphic and this isomorphism is induced by the inclusion A^ C A-^. Since q-^CiA^ = q^, 
it follows that the Zariski closed subset of X^ determined by q^ is isomorphic to the Zariski 
closed subset of X-^ determined by q-^. 

2. ipjr preserves the intersection of Fi, . . . , Vm at oo iff Fi fl • • • H Vm H Xq^ = 0- By part 1 
Vj = V{qf) for each j, and by theorem ?? X^ = F((l)i). Therefore Fi n • • • n n is 
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determined by the ideal of A-^ generated by (l)i, q^, . . . , q^, which is precisely the definition 
of I. Then the projective version of Nullstellensatz (see section ??) implies V{I) = iff 

Theorem 2.2 (see [7, Theorem 1.2(1)] and [8, Theorem 1.3.1]). Let Vi,...,Vm be Zariski 
closed subsets in an affine variety X such that ri^iVi is a finite set. Then there is a complete 
filtration T on %\X\ such that if^jr preserves the intersection of the Vi's at oo. 

Proof. Let X C and the ideals in K[xi, . . . ,Xn] defining X,Vi, . . . ,Vm be respectively 
p, qi, . . . , qm with qj 5 p for each j. 

Claim. For each i = 1, . . . ,n, there is an integer di > 1 such that 

xf =fi,l + ... + fi,m + 9i (1) 

for some fij G q^ and a polynomial gi G ]K[xj] of degree less that di. 

Proof. If ViCi. . .CiVm = 0, then by Nullstellensatz (qi, . . . , q^) is the unit ideal in K[xi, . . . , 
and the claim is trivially satisfied with := for each i. So assume 

Vin...nVm = {Pi,...,Pk}<^K^, 

for some A; > 1. Let Pi = (oj^i, . . . , ai^n) € For each z = 1, . . . , n, let 

hi := {xi - ai^i){xi - a2,i) ■ ■ ■ {xi - ak,i). 

d' d' 

By Nullstellensatz, for some d'^ > 1, h^^ G (qi, . . . , q^), i.e. h-^ = fij + . . . + fi^m for some 
fi,j ^ Substituting hi = Y\j{xi — aj^i) in the preceding equation we see that the claim 
holds with di := kd'^. □ 

Below for S C we denote by K(S') the K-lincar span of S, and for an element 

g G K[xi, . . . , Xn], we denote by g the image of g in K[X] = K[xi, . . . , Xn]/p. Fix a set of /ij's 
satisfying the conclusion of the previous claim. Then define a filtration on K[X] as follows: 
let 



Fk 
T 



— ]K(1, Xi, . . . , Xji, /ijl, • • • , fn,m)i 

= for A; > 1, 
= {Fi: i> 0}. 



Clearly T is & complete filtration. We now show that this T satisfies the conclusion of 
the theorem. By lemma 2.1 this is equivalent to showing that y/T D K[X]:^, where X is the 
ideal generated by qf, . . . , q^ and (l)i in ]K[X]-^. 

From the construction of it follows that K[X]:^ is generated by the elements 
(l)i,(xi)i,...,(x„)i,(/i,i)i,...,(/„,^)i. Note that fij G qj for each i,j, so that {fij)i G 
qf C I. Moreover, (l)i G I. So, all we really need to show is that {xi)i G s/l for all 
i = 1, . . . ,n. 
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Reducing equation (1) mod p, we have (x^)* = + . . . + fi,m + 9i ^ K[X] for all 
i = 1,..., n. Let gi = Y:f=o^ aijxi Then in K[X]^, 

{{xihr^ = + . . . + {f\m)i) + E a.,,((^^)iF((l)i)'^^-^' 

j=0 

All of the summands in the right hand side lie inside X, hence ((a;i)i)'^* € I for all i = 1, . . . , n, 
as required. □ 

Recall that given a polynomial map / = (/i, . . . , fq) : X — t- IC^, a = (ai, . . . , Og) G and 
a completion of X, ^ preserves {/i, . . . , /„} at oo oi^er a if preserves the intersection of 
the hypersurfaces Hi{a) := {x E X : fi{x) = ai}, i = 1, . . . ,q. 

Example 2.3. Consider map f -.K? given by f{x,y) := {x,y + x^). For a := (01,02) G 

//i(a) = {(ai,y) :y GK}, 
-^^'2(0) = {{x, a2-x^) -.x e K}. 

We claim that in the usual completion P^(]K) of K.^, the closures of -ffi(a) and H2{a) intersect 
at a point P at infinity for each a G K^, and hence P^(K), as the natural completion of K^, 
does not preserve {/i, . . . , /„} at 00 over any point of K^. 

Indeed, write the homogeneous coordinates of P^(K) a.s [z : x : y\ and identify with 
P2(]K) \ V{z). Let a G K2. When K = C, the 'infinite' points in Hi{a) can be described 
as the limits of points in Hi{a). Therefore, the points at infinity of Hi{a) are lim|j^|_j.(^[l : 
ai : y] = \im^y^_^^[l/y : oi/y : 1] = [0 : : 1]. Similarly, the infinite part of i?2(«) is 
lim|j.|^oo[l X : a2 — x^] = lim\^\^^[l / {a2 — x^) : x/{a2 — x^) : 1] = [0 : : 1], and hence the 
claim is true with P := [0 : : 1]. 

To verify the claim for an arbitrary K, one has to apply lemma 2.1 with X = K'^ and 
calculate Hi{a) n X^ = V{(\f (a), (l)i), where C|j(a) is the ideal of Hi{a). A straightforward 
calculation shows: the graded ring ]K[Ar]'^ corresponding to the embedding ^ P^(]K) is 
isomorphic to K.[a;, y, z] where z plays the role of and (a) is the homogenization of (\i{a) 
with respect to z. Then qi(a) = {x — ai) and q2(a) = (y + a^^ — 02), so that i\i{a) = {x — aiz) 
andq^(a) = {yz'^ + x^-a2Z^). Therefore (a) nXoo = V{x-aiz,z) = V{x,z) = {[0:0: 1]}. 
Similarly H2{a) n X^o = V{yz^ + x^ — a2Z, z) = V{x, 2;) = {[0 : : 1]} and the claim is valid 
with the same P as in K = C case. 

Because it is simpler to describe, we will from now on frequently use only the limit 
argument (valid only for IK = C) in order to find the points at infinity of various subvarieties of 
a given X. In all these cases, the analogous results also follow over an arbitrary algebraically 
closed field K. by means of straightforward calculations (and if char K. = 0, by Tarski-Lefschetz 
principle). 

We now find, following the proof of Theorem 2.2, a completion of which preserves 
{/i) • • • 5 /n} at 00 over 0. In the notation of theorem 2.2, qi = [x) and q2 = {y + x^). Observe 
that X G qi, and y satisfies 

y = -x^ + {y + x^), 

with G qi and y + x^ G q2- Let filtration T := {Fi : i > 0} on ]K[x,y] be defined as follows: 
Po := IK, Pi := K{l,x,y,x^), and Pfe := (Pi)*^ for k > 1. Then as in the proof of theorem 2.2, 
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completion ■0jr preserves {/i, . . . , /„} at oo over 0. Let us now show this directly. By corollary 
??, the corresponding completion is isomorphic to the closure in P^(]fC) of the image of 
^ : ^ P3(IC), where := [I : x : y: x^]. Then 0(-ffi(a)) = {[1 : ai : y : af] : y G K} 

and limit limj^_j.oo[l : oi : 2/ : a?] = linijy^>oo[l/y : : 1 : = [0 : : 1 : 0], for a G K^, so 

that the only point at infinity of i?i(a) is [0 : : 1 : 0]. Similarly, (p{Hi{a)) = {[1 : x : 02 — : 
x^] : X G K} and lima;^oo[l : x : 02 — x^ : x^] = lim^^^oo : 1/x^ : (a2 — x^)/x^ : 1] = [0 : 
: — 1 : 1]. Therefore H2{a) also has only one point at infinity and it is [0 : : — 1 : 1]. It 
follows that Hi[a) nH2{a) PlXoo = for all a, i.e. X^ preserves {/i, ...,/„} at 00 over every 
point of K?. 

Example 2.4. Let /(x, y) := (x, y) onK^. Then for each a = (oi, 02) G IK^, Hi{a) = {(ai, y) : 
y G K} and H2{a) = {(x, 02) : x G K}. Consider filtration T on K[x,y] defined by: Fq := K, 
Fi := K(l, X, y, xy, x^y^), and Fj, := {Fi)^ for k > 2. By corollary ??, X'^ is the closure of 
the image of M? under the map cj) : K? ^ P'^(K) defined by: 0(x,y) = [1 : x : y : xy : x^y^]. 
Then 0(i/i(a)) = {[1 : ai : y : aiy : afy^] : y G K}. If ai = 0, th en (t>{Hi{a)) = {[1 : : y : 
: 0] : y G K}, and hence the only point at infinity in (f){H\{a)) is [0 : : 1 : : 0]. But if 
ai 7^ 0, then dividing all coordinates by afy^, we see that the point at infinity in (j){Hi{a)) is 
[0:0:0:0:1]. Similarly, (j){H2{a)) = {[1 : x : a2 : y : a2X : a2X^] : x G K} and the only point 
at infinity in $(^2(0)) is [0 : 1 : : : 0] if 02 = 0, and [0 : : : : 1] if 02 7^ 0. Therefore 
X^ preserves {/i, . . . , /„} at 00 over a iff ai = or 02 = 0, i.e. iff a belongs to the union of 
the coordinate axes. 

Let / : X — > y be a generically finite map of affine varieties of the same dimension. Given 
any y £ Y such that f~^{y) is finite, theorem 2.2 guarantees the existence of a projective 
completion of X that preserves {/i, ...,/„} at cx) over y. But as the preceding example shows, 
the completion might fail to preserve {/i, ...,/„} at 00 over 'most of the' points in the image 
of /. This suggests that we should look for a completion which preserves {/i, • • • , /«} at 
00 over y for generic y G Y, i.e. ip preserves {/i, . . . , /„} at 00. Wc will demonstrate two 
ways to accomplish this goal - we start with a simpler-to-prove theorem 2.5 and will present 
a stronger version in theorem 2.7 following (cf. [7, Theorem 1.2] and [8, Theorem 1.3.4]). 

Theorem 2.5. * Let f : X ^ Y C W be a generically finite map of affine varieties of 
same dimension. Include Ki into {F^{K)y via the componentwise inclusion (ai,...,aq) 
([1 : ai], . . . , [1 : a^]). Let (f) : X '—^ Z be any completion of X. Define X to be the closure 

of the graph of f in Z x (F^(K))'^. Then X preserves {/i, • • • , /n} at 00. If (f) comes from 
some filtration on ]K[X], then there is a filtration F on and a commutating diagram as 

follows: 



X 




X ^X^ 

Proof. Let vr := (tti, . . . ,7rg) : Z x (P^(]K))'? (pi(IC))'' be the natural projection. Then vr 
maps X onto the closure F of Y in (P^(]K))«. Let V := Z\X. Then V := {V y. (pi(]K))«)nX 
is a proper Zariski closed subset of X. Since Z is complete, it follows that 7r(y) is a proper 
Zariski closed subset of Y. We now show that for all y G F \ 7r(y), X preserves {/i, . . . , /„} 
at 00 over y. 

*The idea of looking at the construction of theorem 2.5 is due to Professor A. Khovanskii. 
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Pick an arbitrary y := (yi, . . . , Ug) £ Y such that X does not preserve {/i, . . . , /„} at co 
over y. It suffices to show that y £ tt{V). As usual, let Hi{y) := {x £ X : fi{x) = yi}. By 
assumption there is x £ Hi(y) n ■ ■ ■ Ci Sq(y) H (X \ X), where for each k, Hk{y) is the closure 
of Hkiy) in X. Fix a, k, 1 < k < q. Note that 7rk{Hk{y)) = {yk}- By continuity of vr^ it 
follows that 7Tk{Hk{y)) = {Vk}- But then iTkix) = y^- It follows that tt{x) = y and hence x 
is of the form (z, y) for some z £ Z. We claim that z docs not lie in X. Indeed, \{ z £ X, 
it would imply x £ {X Y) r\ {X \ il){X)), where V' : is the inclusion. Consider the 

chain of inclusions: V'(^) Q X xY C Z x {F^{K))i. Note: 

1. V'(^) is the graph of / in X x F, and hence is a Zariski closed subvariety of X x y. 

2. X X y is Zariski open in Z x (pi(K))'?. 

3. If r C [/ C are topological spaces such that T is closed in U and U is open in W, 
then fnU = T, where f is the closure of T in W. 

Since X is by definition the closure of tp{X) in Z x (P^(K))^, it follows via the above 
observations that Xn (X x y) = V'(X), so that (X x y) n (X \ V'(X)) = 0. This contradiction 
proves the claim. It follows that z £ Z \ X = V. Then x £ V. Therefore y = Tr{x) £ n{V) 
and the first claim of the theorem is proved. 

As for the last claim, note that if comes from a filtration, then by corollary ?? we may 
assume that Z C P^'(K) for some p and (j){x) = [I : gi{x) : ■ ■ ■ : gp{x)] for some gi, . . . ,gp £ 
K[X]. Hence the inclusion '0 : X ^ X is of the form: ip{x) = ([1 : gi{x) : • • • : gp{x)], [1 : 
fiix)], . . . , [1 : fqix)]). Let I := {p + 1)2« - 1 and let us embed PP(K) x (pi(K))« ^ ¥\K) 
via the Segre embedding s which maps w := {[wq : • • • : Wp], [wifi : wi^i], . . . , [wg^ : Wg^i]) to 
the point s{w) whose homogeneous coordinates are monomials of degree q + 1 in it; of the 
form WiWij^W2.j2 ■ ■ 'Wgj^ where < i < p and < j/j < 1 for each k. The component of 
s oip corresponding to i = ji = • • • = = is 1 and hence s o ip maps a; G X to a point 
with homogeneous coordinates [1 : hi{x) : ■ ■ ■ : hi{x)] for some hi,..., hi £ K[X]. Then 
corollary ?? implies that there is a filtration on K[X] such that the closure X of s o tp{X) 
in P^(]K) is isomorphic to X-^ via an isomorphism which is identity on X. Morphism s being 
an isomorphism completes the proof. □ 

Remark 2.6. Let / : X — >■ y be a map of n-dimensional affine varieties with generically 
finite fibers and V' be a completion of X. Define := {a £ /(X) : ip preserves {/i, . . . , 
at DO over y}. It will be interesting to know if has any intrinsic structure. In example 2.4 

was the union of two coordinate axes in K?, and hence a proper closed subset of /(X). On 
the other hand, theorem 2.5 shows that there are completions ^ of X such that S*^ contains 
a dense open subset of /(X). We now give an example where is indeed a proper dense 
open subset of /(X), namely: 

Let X = y = and / : X — > y be the map defined by fi := xf + .t^,T2 + .xiXg — X2 
and /2 := xf + 2x\x2 + Xix\ — x^. It is easy to see that / is quasifinite. Let (p : X ^ P^(C) 
be the usual completion, and let : X X be as in theorem 2.4. Let the coordinates of 
P2(C) be \Z:Xx: X2]. Identify X with p2(C) \ V{Z), so that Xi = Xi/Z for i = 1,2. Then 

X 3 {xi,X2) ^ ([1 : xi : X2], [1 : /i(a^)], [1 : f2{x)]). We claim that /(X) \ is the line 
L := {(c,c) : c e C}. 

Indeed, let a := (01,02) £ Y. Define, as usual, Hi{a) := {a; G X : fi{x) = aj} for 
i = 1,2. Let Ci{a) be the closure in P^(C) of Hi{a) for each i. It is easy to see that 
P := [0 : : 1] G Ci(a) fi C2{a). Choose local coordinates ^1 := X1/X2 and ^2 := ^/X2 of 
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P^(C) near P := [0 : : 1]. Equations of fi^a in (^1)^2) coordinates are: 



fi,a = e? + + 6 - - aici 
f2,a = + 2^? + ei - f2 - «2ef 



(2) 



It follows that for each i, Ci{a) is smooth at P (in particular, each has only one branch at P) 
and both admit parametrizations at P of the form 



where o{t^) means terms of order and higher. In (xi,X2) coordinates the parametrizations 
are of the form: {xi{t) , X2(t)) = (t + o{t^), 1/t) for t 0. Since f2{x) = fi{x)+XiX2, it follows 
that for t 7^ 0, 

^(7i,a(t)) = (7i,a(t), [1 : ai], [1 : a, + ^t±^p)l]) 
= (7i,a(t),[l :ai],[l :ai + t + o(t2)]) 

Therefore limt^o V'(7i,a(*)) = [1 • ^i], [1 : ai]). Since fi{x) = f2{x) — XiX2, the same 
argument also gives limt^oV'(72,a(0) = [1 • «2], [1 : 02])- 

To summarize, we proved that if a G L, then (P, [1 : ai], [1 : oi]) G Hi(a) fl H2{a) n Xqo, 
where as usual Bi{a) is the closure of Hi{a) in X and X^o := X \ X. It follows that L C 



To prove the other inclusion, assume a £ f{X) \ S^. Pick z G -ffi(o) fl H2{a) fl Xoo- 
Then z = (Q, [1 : ai],[l : 02]) for a point Q G p2(C). Therefore it follows that Q G 
{Ci{a)\Hi{a))n{C2{a)\H2{a)), where curves Q (a) are the closures inP^(C) of i?i(a), i = 1, 2. 
But the only possible choice for such point Q is point P. Therefore limit lim^^o V'(7i,a(i)) = 
z = limt^o V'(72,o(*))) which implies that (P, [1 : ai], [1 : ai]) = (P, [1 : 02], [1 : 02]). Therefore 
ai = 02 and a G L, as claimed. 

Let / : X — )■ y C IC? be as in theorem 2.5. In the theorem following we find completions 
with even stronger preservation property at 00, namely completions that preserve map f at 
00 (remark-definition ??). 

Theorem 2.7 (cf. [7, Theorem 1.2(2)] and [8, Theorem 1.3.4]). Let f : X ^ Y C Ki be 
a generically finite map of affine varieties of the same dimension. Then there is a complete 
filtration T on the coordinate ring of X such that tpj^ preserves map f at 00. 

Proof. Choose a set of coordinates xi, . . . ,Xp (resp. yi, . . . ,yg) of X (resp. Y). Since / is 
generically finite, it follows that the coordinate ring of X is algebraic over the pullback of the 
coordinate ring of Y. In particular, each Xi satisfies a polynomial of the form: 



for some ki > 1 and regular functions gij{y) on Y such that gi^ki / G IfC[F]. In abuse 
of notation, but for the sake of convenience, we implicitly identified in (4) variables yk with 
polynomials fk for each k. We continue to do so throughout this proof. Let gi,j{y) = 
Yla'^,j,ay°' arbitrary representation of gij in ]K[y]. For each i,j with 1 < i < p and 



7i,„(t) := [t:t^ + o{t^) : 1], 



(3) 



f{X)\S^. 




(4) 



j=0 
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< j < h, let dij := degy{Y,aCi,j,ay") ■= max{|a| : cij^a / 0}, where a = {ai,...,aq) G 
(Z_|-)'' and |a| := ai + - ■ ■ + aq. Let do '■= maxjtii^o ^ 1 < ^ ^ p} and ko := max{A;j : 1 < i < p}. 
Define a filtration := {Fj : i > 0} on as follows: 

K, 

+ K(a;i/:|/3|<di,i,l<i<p), 

f Epl FjFk-j + IfC((.x,)^/ : < c?,,fc, 1 < i < p) if 1< A; < fco, 
\ EjZlFjFk-j \ik>h^i. 

Let 5 := W!^igi,ki and C/ := {a G 1" : 5(0) 7^ 0}. Then [/ is a non-empty Zariski open 
subset of Y . Let ^ := . . . : — t- be an arbitrary linear change of coordinates 
of It suffices to show that f/'^ preserves the components of o / at cx) over ^(a) for 
a := (ai, . . . ,ag) £ C/. For each o G y, let -ffj(a) := {x G X : o /)(x) = Cj(a)} and let 
qj(a) be the ideal of Hj{a), i.e. the ideal of K[X] generated by — Cj{a). By lemma 2.1, 

preserves the components of o / at infinity over ,^(a) iff \JX(a) = ]K[X]_^, where I(ci) is 
the ideal of ]K[X]-^ generated by (a), . . . , <^(a) and (l)i. Note the following: 

(a) Since ^ is a linear change of coordinate, so is Therefore, for all (i > 0, the K-span of 
{/ : < d} in is equal to the K-span of {(^^(2/))^ : ^'^ZyikV^ {y)f) < d}. 

(b) If we replace / by ^o/, and hence y by ^(y) , then 5^^- (y) changes to (y) := 9i,j i^^^iv)) = 
EaCij>(C~"^(y))"- But replacing ^^Cij^aV"' by Ea ^oes not change its 
degree djj- in y. 

(c) Let := , 4,^. Then ^^(^(a)) ^ iff 5(a) / 0. 

In view of the latter observations and the construction of T it follows that T does not 
change if we replace / by ^ o /. Moreover, the following two claims are equivalent due to 
properties (a), (b) and (c) of the preceding paragraph. 

(1) ipjr preserves the components of / at 00 over a & U, and 

(2) i/jjr preserves the components of ^ o / at 00 over a G ^~^(?7). 

Therefore it suffices to prove (1) and we may without loss of generality assume to be 
the identity. Note that is generated as a K-algcbra by elements (l)i, (xi)i, . . . , 

(yi)i, . . . , the (y'^)i's that appear in the definition of Fi, and all those {{xi)''y^)k that 

we inserted in the definition of all -Ffe's. Therefore -^X(a) = iff some power of each of 

these generators lies in I {a). 

Lemma 2.7.1. Let a be an arbitrary point in Y. 

1. Let (5 G be such that yl^ e Fi. then 

(a) {y — a)^ also lies in Fi, and 

(b) ((y-a)/^)iGX(a). 

2. Letl<i< p. Pick k with 1 < k < ki and fi G (Z+)« such that x^y^ G Fk- Then 

(a) x^{y — a)^ lies in F^, and 

(b) if in addition (3^0, then {x'-{y — a)^)k G X(a). 

Proof. 1. Pick /3 G (Z+)^ such that y^ E Fi. Expanding (y—a)^ in powers of yi , . . . , yg, we 
see that (y — a)^ = E|^|<|^| c^y'^ for some c-y G IC and 7 G (Tj^)'^. By construction, Fi contains 
each of the y^ appearing in the preceding expression. It follows that Fi also contains {y — a)l^, 
which proves assertion la. As for lb, note that if /3 = 0, then ((y — a)^)i = (l)i G I{a). 



Fo := 
Fi := 

Fk := 
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Otherwise, there exists j, 1 < j < q, such that the j'-th coordinate of /3 is positive. Then 
{y — aY G C|j(a), and hence ((y — a)^)i G C|^(a) C X(a), which completes the proof of assertion 
1. 

2. Let 1 < ^ < p. Pick A;,/3 such that 1 < A; < /cj and x^y^ G F^. As in the proof of 
assertion 1, expanding (y—a)^ in powers of yi, . . . ,yq, we see that xf{y—a)^ = Yl\-y\<\i3\ (^^^iP 
for some G K. By construction, F]^ contains x^y"' for each I7I < It follows that Fk 
also contains x^^{y — a)^\ and this proves assertion 2a. For 2b, note that if /5 7^ 0, then there 
exists j, 1 < j < q, such that the j-th coordinate of (3 is positive. Then — a)^ G 
and hence — a)'^)^ G <1^(a) C X(a), which completes the proof of the lemma. □ 

We now return to the proof of theorem 2.7. Let a be any point in Y and f3 be such that 
G Fi. Expanding y^ in powers of yi - ai, . . . , - a,, we see that y^ = Z]|-y|<|^| c'^iv - aV 
for some G K. By assertion la of lemma 2.7.1, each (y — a)"' in the preceding expression 
lies in Fi. Therefore, in ]K[X]-^ element {y^)i = Z^|^|<|^| c^j,((y — a)'^)i- But assertion lb of 
lemma 2.7.1 implies that ((y — a)"')i G 2^(a) for all I7I < |/3|. Therefore {y^)i G T{a). 

Now expand the polynomial of the left hand side of equation (4) (as a polynomial in 
y := (yi, . . . , y^)) in powers of yi — ai, . . . , y^ — a^. This leads to an equation of the form 

E 9'^Ao)4 + E K3,M{y - = , (4') 

3=0 j<ki 

where terms (y — a)^xj, for /9 7^ and j < ki, that appear in (4') are such that y^xj G Fj, 
and due to assertion 2a of lemma 2.7.1, (y — a)'^xj are in Fj C i*),.. Therefore equation (4') 
implies the following equality in 

9iMi"')ii^i)i)''' = - E 9iAa){{xi)iy {{1)1} 
3=0 

Since (l)i G I (a), each of the terms under the first summation of the right hand side of 
(4") lies in 1(a). Moreover, by assertion 2b of lemma 2.7.1, every ((y — a)^a;j)fc. under 
the second summation of the right hand side of (4") also belongs to I {a). It follows that 
9i,kii^)(i^i)^)''^ ^ ^(0^)) therefore {xi)i G ^/T(aj if gi,ki{o) 7^ 0- Hence for all a G ?7 and 
i, ^ < i < P, elements (xj)i G y/l{a). 

Let a G U and 1 < i < p. Pick {xi)^y^ G F^ with 1 < k < ki. Expanding y*^ in powers 
of yi - ai, . . . ,yq - a^, we see that {xi)''y^ = I]|^|<|/3| c'^{xi)''{y - a)^ for some c'^ G K. By 
assertion 2a of lemma 2.7.1, each {xi)^{y—a)'^ in the preceding expression lies in F^. Therefore 
in K[X]^ element {{xi)''y^)k = E\y\<\p\ c'^{{x^)Hy " aV)k. If 111 < and 7 7^ 0, assertion 
2b of lemma 2.7.1 implies that {{xi)^{y — a)'^)k G F{a) and if 7 = 0, then {{xi)^{y — ay)k = 
{{xiY)k = {{3^1)1)^ £ y^X(a) due to the conclusion of the preceding paragraph. Therefore for 
x^iV^ e Ffe, 1 < k< ki, it follows that {{xify^)k G yi(a). 

Consequently ^yi{a) = K[X]^ for all a G ?7, which completes the proof. □ 

Example 2.8. Let X = y = and / := (/i,/2) : X ^ F be the map defined by 
/i := xf + x1x2 + xix\ — CX2 and /2 := xf + x\x2 + a;iX2 — X2 for any complex number 
c 7^ or 1. Note that this map is a minor variation of the map considered in remark 2.6. 



-E^M-/3(«)((j/-«Aik- (4") 

3<ki 

/3#0 
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Let ip : X ^ X <Z p2(C) x P^(C) x P^(C) be the completion considered in theorem 2.5 and 
remark 2.6, i.e. 'ijj{xi,X2) := ([1 : xi : X2], [1 : /i(.ti, .T2)], [1 : f2{xi,X2)]) for ah {xi,X2) G X. 
Below we show that ip does not satisfy the preservation property of theorem 2.7. 
For each A := (Ai, A2) € let 

fx ■■= Ai/i + A2/2 = (Ai + A2)a;f + (Ai + X2)xjx2 + (Ai + X2)xixl - (Aic + A2)x2 . 

Fix A^, A^ G \ (Li U L2 U L3) where Li is the xi-axis, L2 is the .T2-axis and L3 is the line 
{{xi,X2) € : xi + X2 = 0}. Fix an a := (01,0,2) G Y- Let 6j := A^ai + A2a2, i = 1,2. 
Every Hi{a) = {x G X : fxi{x) = bi} is as in theorem 2.7, i = 1, 2. Let Ci{a) be the closure 
in p2(C) of Hi{a) for i = 1,2. Then P := [0 : : 1] G Ci(a) n C2{a), where as in remark 
2.6, we choose coordinates [Z : : X2] on p2(c) and identify X with p2(c) \ Choose 
local coordinates ^1 := X1/X2 and ^2 := Z/X2 on P^(C) near P := [0 : : 1]. Equations of 
fxi{xi,X2) — bi in (^1,^2) coordinates are: 

fAxi,X2) -bi = (Ai + A|)^? + (Ai + Xi)ei + (Al + A|)a - (Aic + A^)ei - a,^i . 

Since A^ + A2 7^ 0, it follows (similarly to the implication (2) ^ (3) of remark 2.6) that for 
each i, Ci{a) is smooth at P and has a parametrization at P of the form 

In (xi,X2) coordinates the parametrizations are: {xi{t), X2{t)) = (-^-— + o(t ), 1/t) for 
i G C*. A straightforward calculation shows that for t E C* 

M^^At)) = + oit') and 

A1 + A2 t 

/2(7,a(t)) = ^|^^+o(t^), 

f = 1, 2. By our choice of c 7^ 0, 1 and A*'s off Li U L2 U L3 it follows that the coefficients at 
J in the expressions in (5) are non-zero. It follows that limj^o \fj{li,a{t))\ = 00 for each 
and therefore 

lim V'(7i,a(i)) = lim([l : 7i,a(i)], [1 ^ /i(7i,a(i))], [1 : /2(7i,a(i))]) 
= ([0:0:1], [0:1], [0:1]) . 

Hence ([0 : : 1], [0 : 1], [0 : 1]) is in the closure of Hi{a) in X for i = 1, 2 and every a eY. It 
follows that tp does not preserve (/ai, fx^) at 00 over any point in Y, as claimed. 

Finally, we follow the proof of theorem 2.7 to find a completion which preserves map / at 
00. The algebraic equations satisfied by xi and X2 over C[/i,/2] are: 

xl + Y^^ih - f2)x\ + jy^ih - hfxi - ^(/i - c/2) = 0, and 

^3^(/l-/2) = 0• 
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In the notations of the proof of theorem 2.7, = di,o = 1) di,i = 2 and ^2,0 = 1- Let 
:= {Fd : d > 0} be the filtration defined by: 

Fo :=K, Fi := K{1, XI, X2,fi,f2, XI fi, XI f2, XI flxifif2, XI fi), F^ := (Fi)'^ ioi d > 2 . 

Construction of the proof of 2.7 yields that X-^ preserves map / at 00. Indeed, ipj^{x) = 
[1 : XI : X2 : /i(x) : ^(x) : xi/i(x) : xi/2(x) : Xi/i2(x) : Xi/i(x)/2(x) : Xi/|(x)] G P9(C) for 
X G and therefore applying (5) it follows that limt_^o V'J^(7i,a(i)) = 

Mc + Ai^, , 2,\ 1 /A|(l-c)l , 2,\ /Ai(c-l)l ,2. 



^^^^(l-cfimKc + >^l^^^^ _ /_(l-c)^AlA|(Aic+ADl^^^^2; 



(Al + A^)3 t ^ V ■ V (Ai + A^2)' t 

(izL^mmc+Ai)! 2^ 

(A1 + A^2P i 
= rn • ■ 1 ■ ^2(1 - . AUc-1) (l-c)^(A|)^(Alc + A|) . 

^ • • • Al + A*2 ■ M + ■ ■ ■ (Al + A*2)' 

(l-cfAiA^(Aic + Ay (l-c)2(Ai)2(Aic + A|) 

(Ai+A|)3 ■ {X\+Xir ^' 

If A^ and A^ are linearly independent, then it follows that limits lim^^o 4'T{li,a{t)) are different 
for z = 1, 2, and therefore, completion ■^j- preserves f\2} at 00 over every a = <C? . 



3 General Bezout-type theorems 

3.1 Bezout theorem for Semidegrees 

Let X be an n dimensional affine variety. Let 5 be a complete degree like function on the 
coordinate ring ^ of X with associated filtration T := {F^ : d > 0}. Recall from example ?? 
that there exists d > such that (j4'')['^ := 0j.>o-^A;d is generated by F^ as a K-algebra and 
then the d-uplc embedding embeds into P'(IfC), where / := divn-^Fd — 1. 

Below wc will make use of a notion of multiplicity at an isolated point h of fiber f^^{a) 
of morphism / : X — ^ IK", where X is an affine variety and a := (ai,...,a„) G K". The 
latter multiplicity we define following the definition in [2, Example 12.4.8] as the intersection 
multiplicity at b of the effective Cartier divisors determined by regular (on X) functions 
fj - aj, l<j<n. 

Theorem 3.1 (sec [7, Thcrocm 1.3] and [8, Theorem 3.1.1]). Let X, A, 5, d and I he as above. 
Denote by D the degree of X^ m F'(IC). Let f = {fi,...,fn) : X be any generically 

finite map. Then for all a G K", 

1=1 

where is the number of the isolated points in fiber /~^(a) each counted with the 

multiplicity of f^^{a) at the respective point. If in addition S is a semidegree andtps preserves 
{/i, . . . , /„} at 00 over a, then (A) holds with an equality. 
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Proof. Let a = (ai, . . . ,a„) G K"-. For each z, let Oj be the ideal generated by {fi — in 
A and := ©j>o(((/i ~ Oi)'^) H Fj) be the corresponding homogeneous ideal in . Clearly 
Gi := {{fi — aiY)ddi £ ii) where di := for each i = 1, . . . ,n. It follows that 

n n 

f~]{x G X : {fi{x) - aif = 0} C f]{x G X'' : = for ah G G af} (6) 

1=1 i=l 

n 

C f]{x e : Gi{x) = 0} (7) 

i=l 

where the first inclusion is due to lemma 2.1, since the closure of the hypersurface V{ai) of X 
in X^ is V{af). Note that the sum of the multiplicities of the intersections of Cartier divisors 
determined by {fi — cii)'^ at the isolated points in the set on the left hand side of (6) is precisely 
c?" times the sum of the multiplicities of fiber f~^{a) at the isolated points in /^^(a). 

Pick a set of homogeneous coordinates [yo ■ ■ ■ ■ ■ Vl] oi P'(]K.). The d-uple embedding 
of X^ into P'(K) induces a surjective homomorphism : K[yo, . . . ,yi\ — >■ (A'')!'^ of graded 
K-algebras. For each i, choose an arbitrary homogeneous polynomial Gi G ]K[yo, • • • , I/l] of 
degree di such that 4'{Gi) = Gi. According to the classical Bezout theorem on P'(K), the 
sum of the multiphcities of isolated points of X^ fi V{Gi) n • • • n V{Gn) in P'(]K) is at most 
Ddi ■ ■ ■ dn, and it is equal to Ddi • • • (i„ if all the points in the intersection are isolated. 

Since X^ n V{Gi) n • • • n V{Gn) is precisely X^ n V{Gi) n • • • n V{Gn), inequality (A) 
follows from (7) and the conclusions of the two preceding paragraphs. The last assertion of 
theorem 3.1 follows from the following observations: 

1. if (5 is a semidegree, then according to lemma ?? ideal af is generated by Gi and hence 
C in (7) can be replaced by =, and 

2. completion t/jg preserves {/i, . . . , /„} at oo over a iff the C in (6) is in fact an equality. □ 

Remark 3.2. Both assertions of theorem 3.1 are valid for S = maxj^^ Sj being a subdegree 
with 5i{fi) = ■■■ = SN{fi) for ah i = 1, . . . , n. 

Remark 3.3. Let / := (/i, . . . , /„) : X — > K" be a quasifinitc map and S he a complete 
semidegree on A := KfX]. We claim that if ips preserves {/i, . . . , /„} at cxd over any point, 
then ipg preserves {/i, . . . , /„} at oo over all points. Indeed, let a := (ai, . . . , a„) G K". For 
each i, let pi{a) be the ideal generated by {fi—af) in A^ and let pf (a) := 0j>o(pi(«)'~l-^j) ^ ■ 
Due to lemma 2.1, il^s preserves {/i, • • • , /n} at oo over a iff ^JX{aj = A\, where I{a) := 
(pf (a), . . . ,pf,(a), (l)i) C A^. According to lemma ??, pf(o) = {{fi - ai)d,), where di := 5{fi) 
for each i. Then X{a) = ((/i - ai)^,, . ..,{fn- an)d„, = {{h)di,- ■ ■ , {fn)dn^ (l)i)- Since 
the latter expression is independent of a^'s, the claim follows. Note that we have shown (in 
the notation of remark 2.6) that either = or = f{X). 

Example 3.4 (Weighted Bezout theorem, cf. [1], [7, Example 7], [8, Example 3.1.4]). Let 
X := and 5 be a weighted degree on A := K[xi, . . . ,Xn] which assigns weights > 
to Xi, 1 < i < n. Then (l)i, (.ti)^^, . . . , (.T„)d„ is a set of K-algebra generators of A^ . A 
straightforward application of lemma 2.1 implies that il)^ preserves at oo all components of 
the identity map 1 of over 0. Therefore theorem 3.1 with / = 1 and d as in the preamble 
to theorem 3.1 implies that 1 = ^ nr=i ^^"^ therefore D = ^, . Consequently, theorem 
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3.1 implies for any / that: 

|/-^(a)|<n^. (8) 

i=i 

Recall (example ??) that gv = K[xi, . . . ,Xn] via an identification of G gr and 

^'Sig) £ K[xi, . . . , Xn], for / 5 G A. Let a := (ai, . . . , On) G K" and ai := {fi — ai) (cf. the 
proof of theorem 3.1). According to lemma ??, ideals af are generated by {fi — ai)5(/j) = 
Ui)5Ui) - for 1 < z < n. Therefore, 

(8) holds with equality <^=^ Vi5 preserves {/i, . . . , /„} at oo over a 

^ y(af,...,a^,(l)i) = 0cProj^'^ 

^ V{{h)su.)^ ifn)siM, (l)i) = C Proj A' 

^ V{[{fi)siM], ■ ■ ■ ' [(/n)5(/„)]) = C Proj gr 

^ y(£5(/i),...,£5(/„)) = {0}GK-, 

where the last relation holds since the maximal ideal of the origin in K" corresponds to the 
irrelevant ideal ^^^^Fk/Fk-i of gr^"^ via the isomorphism gr A^ = K[xi, . . . Finally 
note that formula (8) in combination with condition V {£s{fi) ^sifn)) = {0} € K" for 
equality in (8) constitute the content of the Weighted Bezout theorem stated in section ??. 

Applying theorem ??, number D of theorem 3.1 admits a geometric description as the 
volume of a convex body associated to 5 and a valued (surjective) valuation v of K(X) 
(cf. section ??), namely: 

Proposition 3.5 (see [7, Proposition 1.4] and [8, Theorem 3.1.3]). Let X, A, d, 6, I and 
D be as in theorem 3.1 and v he a valuation on A with values in Z". Let C he the smallest 
closed cone in M""^^ containing 

G:={(^<^(/),K/)):/e^}u{(i,o,...,o)}. 

Let A he the convex hull of the cross- section of C with the first coordinate having value 1. 
Then D = n! Vol„(A), where Vol„ is the n-dimensional Euclidean volume. 

Proof. Consider L := = {f & A : 6{f) < d}. As in section ??, we introduce S{L) := 
{{k,'^{f)) ■■ f e L^, k > 0} C N0Z". Let C(L) be the closure of the convex hull of 
S{L) in M"+i and A(L) := C{L) n ({1} x W). Mapping $l of theorem ?? is precisely the 
embedding X C ^ P'(IIC), so that the mapping degree d{L) of is 1. Therefore theorem 
?? implies that [L, . . . ,L] = Vol„(A(L)), where s{L) is the index in Z" of the subgroup 
S'{L) generated by all the differences a — P such that {k,a), {k,P) G S{L) for some k > 1. 
Note also that: 

1. according to its definition [L,. . . ,L] is equal to the degree D of X^ in P^(C), 

2. Fd generates (A^)^'^, so that for L'' = {F^)'^ = F^^ for all A; > 1, and therefore for all 
/ G A, {k, u{f)) G S{L) for all fc > and 

3. for ah /c > 1, 1 G and therefore {k, u{l)) = (fe, 0, . . . , 0) G S{L). 

Properties 2 and 3 imply that S'{L) ~D {v{f) : / G A}. Since v is surjective, it follows that 
S'{L) = and hence s(L) = 1. But then D = n!Vol„(A(L)) due to property 1. Finally, 
properties 2 and 3 also imply that C = C{L), and consequently that A = A(L). □ 
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Example 3.6. Let X = IK" and 5 be as in example 3.4. Let v be any monomial valuation 
on A := IfC[.xi, . . . , .x„], e.g. the one that assigns to ^ a^x" G ^ \ {0} the lexicographically 
(coordinatewise) minimal exponent a among all a := (Q;i,...,a„) with ^ 0. With d 
being any common multiple of di,...,dn, it is straightforward to see that A = {{l,x) G 
: Er=i ^idi < d} and therefore Vol„(A) = ^ IlLi |- I* Allows that L» = n! Vol„(A) = 
nr=i J"' which is, of course, the value we have calculated in example 3.4. 

3.2 Bezout theorem for Subdegrees 

Assume / := (/i, . . . , /„) : X — t- IK" is a dominating morphism of affine varieties with generi- 
cally finite fibers and 6 := max{5j : 1 < j < N} is a complete subdegree on A := IC[X], i.e. 6 
is non-negative, finitely generated and d~^{0) = K\ {0}. Assume Sj{fi) > for each In 
the spirit of theorem 3.1 we derive in this section an upper bound for the number of points 
in a generic fiber of / in X (counted with multiplicity) in terms of the degree of a projective 
completion of X. 

Definition. 

• Let g E A and divx(5') be the principal Cartier divisor corresponding to g on X. Assume 
that the corresponding Weil divisor is [divx(5)] = J2 Given a completion X "-^ Y 
of X, we write [divx(5)] for the Weil divisor on Y given by: 

where Vi is the closure of on y. If y = X^ for some degree like function 6 on A, 

then we also make use of notation divxid) fo^' '^^'^xid)- 

• If 5 G ^ is such that Sj{g) > for all j = 1, . . . , N, then 

6g := eg ■ max{^^ ■ I < j < N}, 

where eg is a suitable integer to ensure that Sg is integer valued (e.g. one can take 
% ■='n.f=iSj{9))- 

Let the filtration corresponding to 5 be J-" := {F^ : d > 0}. Identify A^ with X^^gg -Pl/^'^- 
Recall that X^ := Proj A^ is the union of affine charts of the form Spec^^^^^,^, where d > 
and ^(^^jd) is the subring of elements of degree zero of the localizations ^^^d- Say Uq, . . . , Ura 
IS an open cover of X^ with Uj := SpecA^^ ^,^,^ for some Ij > 1 and g G Fi. for every j. 
Moreover, assume that go = 1 and Iq = 1, so that Uq = SpecA^^^ = Spec^l. Let d be a 
common multiple oi li, . . . ,lm- Then for each j, hj := ^ ,yi/ij^d ^ regular function on Uj 
and hj/h]^ is a unit on Uj H U^. Therefore collection {{hj,Uj)}j defines an effective Cartier 
divisor D^^^ on X^ , which we call the d-uple divisor at infinity. Its associated Weil divisor is 

N 

where Vi, . . . , Vn are the irreducible components of X^o and ordj is the shorthand for ordy^ 
(where ordy,. is as defined in section ??). Support of [-D^qq] being X^o justifies index oo as a 
subscript oi D^^. 
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Lemma 3.7. Let X, A, 5 and be as above. Then 

1. [-D^oo] = X^jLi where for every j, integer dj is the positive generator of the 

subgroup ofTL generated by {Sj{f) : f G A}. 

2. Let g ^ A be such that 6g is finitely generated. Then the principal divisor of g'^ on X^a 
is [div^.,(5'')] = d\^%)] - eg[D'/J. 

Proof. 1. Fix integer j, 1 < j < N . Local ring Oy. x^ is a discrete valuation ring and its 
associated valuation is uji-) := — -j-^ (proposition ??). Pick k, 1 < k < N , such that VjCiUk 7^ 
0. Recall that Uk '■= Spec^d^ , , and a local equation for on Uk is - — . . Let p,- be 

[Sk^ ^) ' {9k) 

the ideal of A^ corresponding to Vj. Since Vj D Uk ^ 0, it follows that gkt^'' pj and therefore 
^jidk) = h according to assertion ?? of lemma ??. Therefore ordj{D^ ^) = f/ikf^ ^ ~ 

^.(l/fff '=) = -iM9k) = i-'i = i- It follows that [D^J := Ef=i ord,(D^,^)[y,] = 
X^jLi which completes the proof of assertion 1. 

2. Reindexing the 6j's if necessary, we may assume that the minimal presentation of Sg 
is Sg = max{|2^ •■ I < j < M} for some M < N. For 1 < j < M, let be the 

irreducible component of X^^ corresponding to Sj and dj be the positive generator of the 
subgroup of Z generated by {^^^ : h e A}. Then, as a straightforward consequence of 
proposition ?? it follows that ordy'(g''^) = — ^ for every j and therefore [div^ig ((/^)] = 

d[di^5l(5)] + Ef=i ordyKff')[^;] = d[di^'^{g)] - Y.f=i ^ [^/]- On the other hand, applying 

3 

assertion 1 with 5g in place of 5 yields that [-D/^] = W-Wj^- Therefore [div^^g (5'^)] = 

d[diY% {g)] - eg [£> J^] , as required. □ 

Theorem 3.8. Assume that f := (/i, . . . , /„) : X ^ K"' and S := max{(5j : 1 < j < N} are 

as in the first paragraph of this section and that Sj{fi) > 0, 1 < i, j < n. Assume also that 
for i = 1, . . . ,n, subdegrees c^/. are finitely generated. Let df. > 1, I < i < n, be such that the 
df^-uple embedding of X^fi is a closed immersion of X^fi into a projective space P^»(K). Let 
L := Yli=i{Li + l) — l and X be the closure of the image of X mP^(K) under the composition 
of the following maps: 

X X^fi X • • • X X^fn P^i(]K) X • • • X P^"(]K) F^{K), 

where the first map is the diagonal embedding and the last map is the Segre embedding. Then 
for all aeK"', 

lr'(«)l<;ilf^degm, (C) 

where |/~^(a)| is the number of the isolated points in f~^{a) each counted with the multiplicity 
of f~^{a) at the respective point. 

Question: Is it true that the completeness of S implies the finite generation property of every 
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Proof of theorem 3.8. Denote by [y^^o : ••• : yi,L^ the homogeneous coordinates on P^'(K). 

Without loss of generahty we may assume that = X^fi Pi V{yifi). 

Denote by X'^ the closure of the diagonal embedding of variety X into the product X^fi X 
• •• X X^f« C P^i(]K) X ••• X P^"(IC) =: Y. Denote hy [yo : ■ ■ ■ : yi ■ zi : ■ ■ ■ : Zn] the 
homogeneous coordinates on (K), where L' := L + n. Let us identify P^(K) with the 
subspace V{zi, • • • , z„) of (K) and let s : P^i (K) x • • • X P^"(1K) F^{K) denote the Segre 
embedding. Let s' : X"^ ^ F^' {K) be the map defined by: 

s': X^3 ([yi,o : • • • : j/i.lJ, . . . , [yn,o : ■ ■ ■ : yn,Lj) ^ [s{y) : (yi,o)" : ■ • • : [ynfiT] e ^""'{K). 

Fix an i, 1 < i < n. Let Di := 7t*{D^/^ ), where TTj : X^ X^fi is the projection onto 



,00 

,5 



the i-th factor of Y. Due to our choice of yifi, Cartier divisor D"/^ is precisely the restriction 



of the divisor of yi^ to X^fj.. It follows that s'*{D'j^) = nDi, where D'^ is the restriction of the 
divisor of Zi to s'{X'^). 

Then {Di, Z?„) = ^(s'*(L>i), . . . , s'*{D'^)) = ^(1?'^, . . . , D'J, since intersection num- 
bers are preserved under the pull backs by proper birational morphisms [2, Example 2.4.3]. 
Since each D'- is the divisor of a linear form on s'{X^'), it follows that the intersection number 
{D[,...,D'^) = degs'{X'^). On the other hand, s\xv = tt' o s', where ir' is the projec- 
tion onto the first L coordinates. Since the mapping degree of 7r'\s'{xv) is 1, it follows that 
deg(s(X'^')) = degs'(X'') [11, Proposition 5.5]. Combining three equalities established in this 
paragraph it follows that {Di, . . . , Z?„) = degs(X''). 

Let Ei := 7r*(div^' (/«))• According to assertion 2 of lemma 3.7 [div^*^. {f^^^ )] = df^ [div^' ifi)]' 

St 

^fi\.^dj.,oo\- S™^^ {fi)) = divxfl/i) it follows that 

Fix an 1 < z < n. Note that dJ^ ^ are very ample, i.e. are the pull backs of the 
hyperplane sections under the embeddings of X^^i into P^'(]K). In particular, these divisors 
are base point free [4, Section II. 7]. Then the pull backs Di of D^^ ^ are also base point free, 
and so are ej.E'j (the latter being linearly equivalent to df.Di). Also, since Ei's are effective 
(defined in section ??), it follows that the intersection number . . . , En) bounds the sum of 
the intersection multiplicities of EiS at the isolated points of the intersection D^Li Supp(£^i) 
[2, Section 12.2]. Of course Xn(nr=i Supp(£;i)) = /~^(0). Therefore |/~^(0)| < {Ei, . . . 
which completes the proof of the theorem. □ 

Future plans: 

1. Let / := (/i, . . . , /„) : X -> K" be any generically finite map (not necessarily satisfying 
the hypotheses of theorem 3.8). Replacing / by ^ o / for a generic affine transformation ^ of 
(and reordering Sj 's if necessary) , one may assume that there is an M < iV such that 

(a) Sj{fi) > for all i and all j = 1, . . . , M, and 

(b) 6jlfi) = for all i and all j = M + 1, . . . , N. 

We expect that it should be possible to extend theorem 3.8 in this setting as a consequence 
of extending the arguments of the proof of theorem 3.8 to the case of X := Spec^, where 
A:= {g £ A: 5j{g) < for M + 1 < j < N}, and for the completion X^ of X determined by 
S := max{(5j : 1 < j < M}. 
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2. Moreover, we hope to prove (by means of an extension of our theorem ?? to the case 
of subdegrees) that for completion that preserves map / at oo (in the setting of theorem 
3.8), inequality in (C) can be replaced by equality. 

4 Iterated Semidegrees 

In this section we describe particularly simple semidegrees generalizing weighted homogeneous 
degrees for which we establish a constructive version of affine Bezout-type theorem. Our 
dream is that a stronger version of Main Existence Theorem ?? would be valid with subdegrees 
in whose minimal presentations only constructive semidegrees 'like' the iterated semidegrees 
of this section would appear, and we expect that a precise constructive version of an affine 
Bezout-type theorem for any generically finite map / : K*^ IK" would follow. 

Let A be a domain and S he a degree like function on A. Pick f E A and an integer w 
with w < S{f). Let s be an indeterminate over A and Se be a 'natural' extension of S to A[s] 
such that (5e(s) = w, namely: 5e{Y^aiS^) := maX(j.^o('^(fli) + ^f^)- Of course (5 is a degree like 
function iff 5e is a degree like function. 

Lemma 4.1. S is a semidegree iff 5^ is a semidegree. 

Proof. The (<^) direction is obvious, since S = 6e\A- For the proof of the 'only if implication, 
let G := Y.9is\H := Y.hjS^ G A[s] with d := 6e{G),e := 6e{H). For each k > 0, let 
Gk ■= T.s{gi)+iw=k9is' and Hk := T,d{hi)+iw=k ^is'- It suffices to show that 6^{GdHe) = d+e, 
and hence we may w.l.o.g. assume G = G^ and H = He- Let io (resp. jo) be the largest 
integer such that gi^ 7^ (resp. hj^ 7^ 0). Then GH = gi^hjos'°+^° + Y^rn<io+jo ^rnS^. Thus 
6e{GH) > (5e(5io^jo'5'°"^-^°) = S{giohjo) + {io+jo)w = S{gi„) + iow + S{hj^^) + Jqw = d + e. Since 
the inequality 6e{GH) < d + e is obviously true, it follows that de{GH) = d + e. □ 

Remark 4.2. In fact (5 is a subdegree iff Se is a subdegree, which follows by means of 
calculations similar to those in the proof of lemma 4.1 and of the characterization of subdegrees 
as degree like functions rj satisfying ri{f^) = kr]{f) for all / G A and A; > (corollary ??). 

Let J denote the ideal generated by s — / in A[s]. Identify A with A[s]/J and define S 
to be the degree like function on A induced by 6e, i.e. 6{g) := mm{6eiG) : G — g G J}. Let 
a be the principal ideal generated by / in ^ and let o'' be the ideal induced in A^ by (as 
defined in lemma 2.1). Denote by gra the ideal generated by the image of in gr A^, i.e. 
gra := ([(5)5(9)] • 5 ^ '^)' where [(5)5(9)] denotes the equivalence class of {g)s(g) in gr 

A'. 

Remark 4.3. A straightforward application of definitions shows that 5 is a degree like func- 
tion provided that 5^ is a degree like function and 5 = on K. Note that (5 is a meaningful 
degree like function only if [{f)s{f)] is not a unit in gi A^ . Indeed, if [{f)s{f)] is a unit in 
giA^, then [(l)o] = [if)d\[{g)-d] e gr^'^ for some g e A with S{g) = -d. It follows that if 
1- fg then S{1 - fg) < 0. Let G := 1 - fg + gs e A[s]. Then Se{gs) = w - d < Q 
and therefore 5e{G) < 0. Moreover, 1 = G mod J in A[s]. Consequently (5(1) < 5e{G) < 0. 
Since, for all h e A and n G Z+, 5{h) = ~6{h ■ (1)") < ~6{h) + n5{l), it follows that ~6{h) = -00 

for all h £ A. Moreover, (l)i is a unit in M.[X] (since ((l)i)~"^ = (l)-i) and therefore 
grK[X]^ ^ K[X]V((l)i) is the zero ring. 

Theorem 4.4 (cf. [7, Example 5] and [8, Theorem 2.1.3]). 
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1. (a) If 5 is non-negative and w > 0, then 5 is non-negative. 

(h) 6{g) < 5{g) for all g e A. If [(5)%)] gr 0, then 5{g) = 6{g). 

(c) 6{f) < w < S{f). If 6 is a semidegree and [{f)s{f)] is not a unit in gr^'', then 
~5{f) = 

2. Assume S is a semidegree. Then 

(a) The homomorphism ofK-algebras Als]^" = A^[s] — >■ induced by the inclusion 
A^ ^ (available due to S < 5) and s i->- (/)^ is surjective with kernel 

((■5 - 

(b) gi^[X]^ is isomorphic to {g£ A^ / gx a)\z\, where z is an indeterminate of degree w 

and the isomorphism maps z to the class of equivalence [{f )w] of {f )w £ 

(c) 6 is a semidegree if and only i/gra is a prime ideal o/grK[X]"^. 

Note that if (5 is a semidegree, then gra is a principal ideal in gr^'^ generated by [{f)s{f)] 
due to lemma ??. 

Proof. Assertion 1(a) is a straightforward consequence of the definitions. Note that 5{g) < 
Se{G) for all g G A and G G such that G = g mod J. The first assertion of 1(b) follows 
by setting G := g in the previous sentence. Similarly, the first assertion of 1(c) follows by 
setting g := f and G := s. As for the second assertion of 1(b), let g e A and G G A[s] be such 
that G = g mod J. Let oq, . . . , G A such that G = g -\- {s — f){aQ + ais + • • • + aj-s^) = 
(g - fao) + Yli=i{(^i-i - f(^i)s' + aks^^^. Note that if e := 5{g - fao) < d := 6{g), then 
(5(/ao) = d and {g)d = {fao)d + {{^)i)'^~^{g - fao)e, so that [{g)d] = [(/ao)d] e gra. In other 
words, if [{g)s{g)] ^ grO) then 5{g — fao) > 5{g) and therefore Se{G) > S{g). It follows that 
S{g) ^ ^{g)j which concludes the proof of 1(b). 

Next we prove the second assertion of 1(c). Assume 5 is a semidegree and contrary to the 
conclusion of 1(c) that S{f) < w. Then it suffices to show that [{f)d] is a unit in gi A^ , where 
d := S{f). Indeed, S{f) < u; in view of the definition of 6 in terms of Se implies that there is 
an identity 

f = akf" + ak+if^^' + ■ ■ ■ + aif (9) 

with ttfc, . . . ,ai & A such that for all j, < k < j < I, 5{aj)-{-jw < w. In particular, 6{ao) < w 
if ao 7^ and d{ai) < if ai 7^ 0. 

If > 1, then dividing both sides of (9) by / it follows that fg = 1, where g := 
E5=feajP"'- Then 6{g) = -5{f) = -d and therefore [U)d] ■ [{g)^d] = [(l)o] G gr^^ 
Since [(l)o] is the identity in gryl'^, it follows that [(/)d] is a unit in gr^'^, which proves 
assertion 1(c) in the case that A; > 1. 

If A; = 1, then (9) implies that 1 — a\ = fgi, where gi := 02 + 03/ + • • • + aif''~'^. Since 
(5(ai) < 0, it follows that S{1 — ai) = and therefore S{gi) = —d. Moreover, [(ai)o] = G 
gr^"^. Hence [{f)d\ ■ [{gi)-d] = [(l)o] £ gr^"^. Consequently [{f)d] is a unit in gr^^, as 
required. 

It remains to consider the case of A; = 0. In this case oq = /32, with element 52 := 

1 - 02/ - 03/2 a^/'-i. Then 5{g2) = 5{aQ) - 6{f) < w - d < and g2 = I - fgi with 

■= 0,2 + 0,3/ H h aif^'^. Since S{g2) < = (5(1), it follows that 6{fgi) = (5(1) = 0, and 

therefore (5(51 ) = -5(/) = -d. Consequently [{f )d]-[(.gi)-d] = [(l)o] - [(52)0] = [(l)o] G gr^^ 
implying [{f)d] is a unit in gj:A^, which completes the proof of 1(c). 



18 



Next we prove assertion 2. Assume ^ is a semidegree. Due to remark 4.3 it suffices to 

consider the case when [{f)s{f)] is not a unit in gr . Then S{f) = w according to assertion 
1(c). Wc start with introducing two surjective K-algebra homomorphisms (p : A[s] — » A and 

$ : A[sf' K[xf by means of formulae 

k k 

(j)C^ Qis') := ^ Gif for any ai, . . . , Ofc G ^, 
i=l i=l 

mH)d) := {4>{H))d for all H G A[s], d > Se{H) G Z. 

Clearly is surjective and ker^ = J. It follows that $ is a surjective homomorphism of 
graded rings with ker$ = J^", and consequently, = A[s]^''/J^^. Moreover, 5 being 

a semidegree on A implies that is also a semidegree on A[s] (lemma 4.1) and therefore 

J^" = {{s — f)s^(s-f)) (lemma ??), which completes the proof of 2(a). 

Next we prove assertion 2(b). Ring grK[X]^ = K[X]V((l)i) = A[s]^^/{J^- + ((l)i)) 

because K[XY = AlsY'/r-. The element z in the assertion of 2(b) (which corresponds 
to [(/)«,]) is precisely the equivalence class [(s)^] of (s)^ G ^[s]''''. Note that the homo- 
morphism defined by A^[s] B J2ifi)d-iwS^ {Ylfi^^)d G ^[s]'''' is an isomorphism. Since 
Se{s) = w< 6{f) = 6e{f), it follows that {s-f)s^(s-f) = {s)u,{l)s{f)-w + {f)s{f) and therefore 
+ ((l)i) = {{s - f )s4s-f), (l)i) = ((/)5(/), (l)i). Hence gTK[X]' - A^H/((/),(^), (l)i) = 
(^V((/)5(/), (l)i))M- But ^V((/k/), (l)i) = (AV((l)i))/(((/)5(/), (l)i)/((l)i)) and ((/),(^), (l)i)/((l)i) 
is precisely the ideal generated by [(/)<5(/)] in gr^*^, which is gra, while ^V((l)i) - gr^*- It 

follows that grIK[X]^ = (gr A^ / gro)[s], and completes the proof of assertion 2(b). 

It remains only to prove assertion 2(c). Due to assertion 2(b), gra is a prime ideal of 
grA^ iff gr]K[X]'^ is a domain and, of course, iff ((l)i) is a prime ideal of But ((l)i) 

is a prime ideal of iff ^ is a semidegree (theorem ??), which completes the proof of the 

theorem. □ 

Theorem 4.4 motivates the following: 

Definition. Let (5 be a semidegree on A. The leading form &s{f) of an element / of ^ is the 
equivalence class [{f)s{f)] of {f )s{f) in gr^"'. 

If (5 is a semidegree on A and the ideal of gr A^ generated by the leading form 

2,s{f) of / G A is prime, then 5 is also a semidegree on A (theorem 4.4). Semidegree 5 differs 
from 6 according to assertion 1. of theorem 4.4. On the other hand, assertion 1(b) of theorem 
4.4 shows that 6 agrees with 6 off gr o. We will say that 6 is formed by the iteration procedure 
starting with semidegree S by means of / G ^. 

Example 4.5. Let A := K[a;i,a;2] and 6 be the semidegree on A defined in ??. Recall 
that S{xi) = 3, S{x2) = 2 and (5(xf — x^) = 1. Moreover, K-algebra A^ coincides with 
K[(l)i,(xi)3,(x2)2,(a;? - xl)i] = K[Xi,X2,Y,Z]/{YZ^ - X^ + We claim that S is 

formed by an iteration procedure by means of / := — starting with the weighted degree 
T] which assigns weight 3 to xi and 2 to X2- Indeed, grIfC[X]^ = K[xi,a;2] via the map that 
sends 2rj{h) G gr]K[X]'' to the leading weighted homogeneous component of h. Then, since 
f = xf — X2 is weighted homogeneous, £,,(/) = /. Since £,,(/) = / G ]K[xi,X2] = grK[X]'', 
it follows that ideal (£^(/)) is prime. Therefore according to assertion 2. of theorem 4.4, 
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degree like function fj formed by the iteration procedure by means of / starting with rj is in 
fact a semidegree. Also IfC[X]'' = A[sY'''/{{s — f)^), where r]e is the weighted degree on A[s] 
that extends rj and sends s to 1, as defined in the paragraph preceding lemma 4.1. Then 
with t := (1)1, A[s]''7((s - + x|)6 = K[xi,X2, s,t]/ {st^ - xf + xl) =A^. To summarize, 
semidegree S of example ?? coincides with the iterated semidegree fj. 

Remark 4.6. Assume a semidegree S on the coordinate ring A of an affine variety X is 
constructed by means of finitely many iterations starting with a semidegree r]. Denote by 

and X^ the completions of the d-uple embedding of X into appropriate projective spaces 
(valid for appropriate d G [10, Lemma in section III.8]). Then we can express the degree of 
X^ in terms of the degree of X^ (in a straightforward generalization of theorem 4.8 below). In 
particular, in the special case of rj being a weighted homogeneous degree on A := K[xi, . . . , Xn] 
with weights < := ri{xi), I < i < n, degX'' = ^ ^ (example 3.4) and an explicit 
formula for D := degX^, which appears in the affine Bezout-type theorem 3.1, follows: 

Theorem 4.7. Let 5 be a complete degree like function on the coordinate ring A of an affine 
variety X , f & A and w ^ "L with Q < w < 5{f). Let 5e and 6 be degree like functions 
respectively on A[s] and A defined as above. Finally, let d G Z_|_ be such that both X^ and X^ 
embeds into a usual projective space P'(K) via the d-uple embedding, and D (resp. D) be the 
degree of the image of X^ (resp. X^ ) in P'(K). If the ideal T := ((s — f)se{s-f)) of Als]^" is 
prime, then D = ^D. 

Proof. 1. K[X]^ ^ A[s]^^/I. 

2. The homomorphism defined by A^[s] 3 J2ifi)d-iwS^ '-^ {J2 fi^^)d € Als]^" is an isomor- 
phism. 

3. Let e := 5{f) and t := (l)i G A^ . Then 1 = ((/)e - s^"™). 

4. Let (1)1, (/i)di, . . . , {fk)du generate A^ as a K-algebra. Then there is a surjection : 
]K[T,yi, ...,Yk]^ A^, which induces a surjection $e : ^[T,Yi, ...,¥^,8]^ A^[s\ ^ A[s]'^^ 
Let J := ker$, and F be a weighted homogeneous polynomial in ij's such that 5{F) = e 
and $(F) = (/)e. Then ker $e = {J,F - ST''-'"). 

5. The surjections in the previous steps induces embeddings of the form: 

^wr := r^+^{K-\,di,...,dk,w) 

I A 

I 

Y 

X^^ ^ WP := P'=(IC; l,di, . . . ,4) 

Choose d such that the d-uple embedding '^^L embeds P^+^(]K; 1, di, . . . , djt, lu) into a usual 
projective space P'(IfC). 

6. Let Y := V{J') C WP'. Then degipd{Y) is the number of intersections of Y with n + 1 
generic hyper surf aces of weighted degree d, which equals ^D. 

7. Since/(X^) = I (Y) + {F - ST''-'^) , dcgipdiY) is the number of intersections of F with n 
generic hypersurfaces of weighted degree d and V{F—ST^~'^) which equals ^Dx | = ^D. □ 

Corollary 4.8 (see [7, Example 9] and [8, Theorem 3.1.5]). Let Sq be a weighted degree on 
A := K[a;i, . . . , x^. Let k > 1 and for each i = 1, . . . ,k, let 6i be a semidegree on A obtained by 
an iteration procedure starting with 6i-i by means of a polynomial hi ( with {&Si-i {hi)) being 
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prime in gr K[Xp-^) by assigning to the polynomial hi a weight Wi with < Wi < di-i{hi). 
Then 

D _ 1 Sojhi) 6k-i{hk) 

do{xi) ■ ■ ■ 6o{Xn) Wi Wk 

where D := degX'^ and d G Z+ are as in theorem 3.1 for X := K", A := K.[xi, . . . ,Xn] and 
6 := dk- 

Proof. Let Cj := for 1 < i < A;. According to assertion 2. of theorem 4.4, rings 

= (A^'^'^[si])^i-'^ / {(si — hi)e^), where Si are indeterminates and 6f_i extend J^-i by assigning 

weights Wi to Sj. It follows by induction on i with xq = (l)i that 

A^i =K[xo,...,Xn,Si,...,Si]/Ji , 

where Ji := (^i — Xq^~'^''Si, . . . ,hi — x^-^'^^Si), 1 < i < k, and hj G s] are weighted 
homogeneous polynomials in {x, s) := {xq, . . . , x„, si, . . . , Sj-i) whose equivalence classes in 
K[X]^' are {hj)e^, I < j < i. 

Let 5 be the weighted degree on := K[xq, . . . , Xn, si, . . . , Sk] which assigns weight 1 to 
xq, di := 5o{xi) to Xi, 1 <i <n, and Wj to indeterminates Sj, 1 < j < k. Then homomorphism 
TT : Rk/Jk "^[X]^ of graded K-algebras is surjective, and, therefore, for each f E A, there is 
a polynomial / in Rk with S{f) = 5{f) and / i— )■ (/)<5(/) under homomorphism tt. Moreover, 
homomorphism vr induces an embedding of X^'' into the weighted projective space WP := 
P"+'"(K; l,di, . . . ,dn,wi, . . . ,Wk). Since Jk is generated by exactly k polynomials in Rk, it 
follows that the image of X^ in WP is a complete intersection. Identifying X^ with its image 
in WP, it follows that X^ = V{Jk) and, therefore, that for any /i, ...,/« G K[xi, . . . , Xn] 

n 

f]{xeK^: fi{x) = 0} c n n • • • n = (lo) 

i=l 

v{hi - xg^-"'\si) n • • • n vChk - xl'-'^^Ksk) n v{fi) n • • • n 

Arguing via an embedding of WP P^(K) it suffices to choose as //s the pull backs of 
generic linear polynomials on P^(]K) and then the intersection on the right hand side of the 
equality in (10) would consist of isolated points in X := ^ X^ ^ P^(]K) (of multiplicities 
one and of the total number being the degree of X^ in P^(]fC) according to the commonly used 
geometric definition of degree of a projective variety [3, Definition 18.1]). Consequently due 
to weighted homogeneous Bezout theorem (example 3.4) on IK""'"^, the sum of the intersection 
multiplicitiess of Cartier divisors corresponding to hi — Xq-~'^'' Si, 1 < i < k, and fj, 1 < j < n, 
at the points in the left hand side of the equality in (10) is ? and by the Bezout 

theorem for semidegrees, the sum of the multiplicities of the fiber /~^(0) at the points in the 
left hand side of the inclusion in (10) is ■^S{fi) ■ ■ ■ 6{fn). Formula (B) follows by comparing 
these two expressions, which completes the proof. □ 

Example 4.9. Let fk := (xi + (zf - xf)^, (xf - x^)'') : — ^ K^. We estimate the size of 
fibers of fk =■ (/fei;/fe2) in three different ways. The first one is by means of the weighted 
homogeneous Bezout formula (8). It is straightforward to see that the smallest upper bound 
given by (8) for fk is achieved for di = 3p and d2 = 2p for some p > 1, in which case the 
bound is ^"^'^^p = l2k. The second approach we take is via Bernstein's theorem (see section 
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??). Let a := (ai, 02) G IC^ and let P and Qk be the Newton polygons of xi + (xf — xf)^ — ai 
and, respectively, of {xf — a;!)^ — 02- The BKK bound for for non-zero 01,02 is then 

2M{r,Q) = Vol(P + Q)-Vol(P)-Vol(Q) = i(2A; + 4)(3A; + 6) - 12 - S/c^ = Uk. (A similar 
argument implies that the BKK bound for oi or 02 being zero is as well 12A;.) 

Let S be the iterated semidegree on ]K[xi, X2] from example 4.5, so that S{xi) = 3, S{x2) = 2 
and S{x1 — X2) = 1. Then D/d"- = = 1 (theorem 4.8). The estimate of given by 

(A) with this 6 is then 6{xi + (xf — X2)'^)5{{xi — xl)*^) = 3A;. Moreover, ideals generated by 
(/fei)<5(/fci)) ifk2)s(fk2) ^^'^ primary to the irrelevant ideal of and, therefore, 

completion ipg preserves fk at 00 over all points in M? . In other words our bound with iterated 
semidegree S is exact! 

5 Dimension 2 Revisited 

In this section we continue the exploration of the relation of the number of solutions of a 

system of polynomials with subdegrees that preserve the system when dimX = 2. At first 
we settle in this case question ?? of section ?? in the affirmative. 

Lemma 5.1. If 6 is a degree like function and r] is a semidegree such that 5 > r], then the 
ideal ps^jj of generated by {{f)d '■ d > r]{f)} is a prime ideal of A^ . Moreover, if 6 is a 
subdegree and r] is not an associated semidegree of 5, then V{ps,r]) has codimension at least 2 
in X^. 

Proof. Let L := {if)d ■ d > T]{f)}. Since rj <d,it follows that if {f)d G L and {g)e G A^ , then 
{f)d{g)e = {fg)d+e G L. This implies that L is precisely the set of homogeneous elements of 
p5,^. Therefore, if {fi)di,{f2)d2 ^ A^ \ ps,r), then r/(/i) = di for each i, 1 < f < 2. It follows 
that ?7(/i/2) = di + d2 and hence {fif2)did2 & \ Ps,^ Therefore p^,^ is prime. 

Now assume 5 is a subdegree with minimal presentation S = max{5j : 1 < J < N}. Let 
pj be the prime ideal of A^ corresponding to Sj. Since (l)i G p^,^, it follows that p^^^ D pj for 
some j. 

Claim 5.1.1. For each j, 1 < j < N, ps jj = pj iff rj = Sj. 

Proof. The 'if direction follows directly from assertion ?? of lemma ??. We now show the 

'only if direction. Assume ps^n = Pj- There exists {f)d ^ A^ \ pj such that Sj{f ) > 5i{f) for 
all i j. Let g £ A. Then there exists /c G N such that 5j{f^g) = 5{f^g). Since p^,,^ = pj, 
it follows that r]{f) = 6{f) and r]{f^g) = &{f^g)- Therefore r]{g) = ri{f'^g) — ri{f^) = 
Sifg) - 5{f^) = Sjifg) - 5jU^) = 5j{g). □ 

By the above claim it follows that p^^^ D pj for all j, which completes the proof of the 
lemma. □ 

Do you need X to be normal to ensure that [div^ {g)] is an effective CARTIER 
divisor?? I do not think so - look at the normalization X^a of X. If [divj| {g)] is not effective 
as a Cartier divisor on X^a (i.e. at some point its local equation is not regular), then it 
necessarily has at least one pole Y and it has to be contained in X^a \ X. Then the image 
of Y is one of the components Vj of infinity in X^a . It follows that O^^j^ 5 Oy, ^Sg and 
hence by maximality of discrete valuation rings O^^^ = Oy, -^Sg . It follows that order of 

vanishing of the local equation of [div^ (g)] along F is - a contradiction. 



22 



Proposition 5.2. Let S = m.ax{Sj : I < j < N} and g E A such that Sj{g) > for all j and 

both 5 and 5g are finitely generated. Pick positive integers r < N and mi, . . . , mr such that 5' 
is a finitely generated subdegree with minimal presentation 5' := m.ax{mjdj 1 < j < r}. Let 
(j) : X^3 5e the birational map induced by identification of X and let S C X^ be the set 

of points of indeterminacy of (j). Then for all j, 1 < j < r, (f>{Vj \S) C. V{pg g ) where V- is 

the component of the hypersurface at infinity of X^ corresponding to mjSj, Sj := g^^Sj and 
P(5g S- defined in lemma 5.1. 

Proof. Assume contrary to the proposition that there exists j, 1 < j <r, such that <p{Vj\S) C 
^(P5„5,)- Pick X e </.(y; \ S) \ ViPsj.). Let (/), G Psj. such that x ^ V{{f)d). 

Note that x G X^'^\X = V{{l)i) and therefore for a suitable positive integer k, we may as- 
sume that the local equation of the /cd-uple divisor D^'^ ^ at infinity of X^^ on a neighborhood 

U of X is jj;. According to assertion 2 of lemma 3.7, kd[divx (g)] = [divj^^g (ff'^^)] + ] 

is a Cartier divisor on X^n . By construction the local equation of kd[divx {g)] on U is j 
Note that 

gkd 

^ji-Fkr) = kd5j{g) - keg6j{f) 



gkd 



7* 



kSj{g){d 



Sj{g) ' 

= kSj{g){d-~6j{f)) 

By assumption on 6, 5j{g) > 0. Moreover d > Sj{f), since G It follows that 

Sj{j]^) > and hence -p^ has a pole at Vj, so that the pullback of kd[div^xig)] to X^' \ S 

is not effective. But this is impossible, since kd[div^x (g)] effective Cartier divisor. This 
contradiction proves the proposition. □ 

Proposition 5.3. Let X, 5 and g be as in proposition 5.2. Moreover assume dimX = 2. 
Let A*-, ^ < i < k, 1 < j < N , be positive integers and X^^ be the closure of the diagonal 

embedding of X into X^!> x X^^ x • • • x X^'' , where S'- := max{A*(5j : 1 < j < N} for 1 < i < k. 

Then 7r*(div^ ((/)) = div^{g), where tt is the projection in the first coordinate. 

Proof Let V{g)^' nX^o \x = {xi, . . . , x where V{gf' is the closure in X^^ of V{g) C X. 

Now, [^*(di^5f (5))] = [di^x(5)] + E, where Supp£^ C X'' \ X. Assume ^ ^ 0. Then E is of 
the form w-j [V,] such that for each j, 1 < j < s, n{Vj) = x-i^ for some ij, 1 < ij < r. 

WLOG we may assume ii = 1. Since dim(Vi) = 1, there exists j, 1 < j < fc, such that 
dim(7rj(V'i)) is also 1, where iTj : X^ X^^ is the natural projection map. WLOG assume 
J = 1 and let cf) : X^ — t- X^^ be the birational map induced by the identification of X in 
botli spaces and S C X^ be the set of points of indeterminacy of (j). Since tt = ^ o tti on 
X'' \ vrf ^(5), it follows that 0(7ri(Fi) \ S) = {xj. 

WLOG we may order (5i , . . . , (5jv in a way that has minimal presentation 6^ = max{Xj6j : 
1 < i < Ml} for some Mi < N and 7ri(Fi) is the component of the hypersurface at infinity of 
X^ corresponding to X\Si. Henceforth we write V( for 7ri(Vi). Let Sj := gj^S for 1 < j < N. 

Then Sg = max{5i, . . . , Sn}. 
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Claim. Si is not an associated semidegree of 5g. 

Proof. Assume is an associated semidegree of 5g. Then according to claim 5.1.1 = pi, 

where pi is the prime ideal of A^o corresponding to ^i. Proposition 5.2 then implies that 

(f){V(\S) C Vi := V{pi). Since di and X\Si induces the same discrete valuation v on it 
follows due to proposition ?? that Oy, ^gi = Oy^ , both of these rings being same as the 

valuation ring of v. It follows that \ 5) = Vi, which is absurd, since (t>{Vl \S) = {xi}. 
This contradiction proves the claim. □ 

Since 5i is not an associated semidegree of 5g, lemma 5.1 implies that ^(p^ has codi- 
mension 2 in X^^ , Since V{p^ is also irreducible, it follows that V{p^ j^) is a single point. 
Let X be the sole element of ^(p^^ j^)- 

Claim. x^V{gf\ 



Proof. Since 5j{g) = Cg for all j, 1 < j < A^, it follows that V{g) = V{{g)eg) (remark ??). 

Moreover, 5i{g) = Sg = 6g{g), so that {g)eg p^^ g^- Therefore x F((c/)eJ = V{g)^', as 
required. □ 

According to proposition 5.2 {xi} = (l){V( \ S) C V{pSg,Si) = {x}. But this contradicts 
the above claim. It follows that E = $ and hence [7r*(div'^ ((/))] = [div^ {g)], as required. □ 

Corollary 5.4. Assume dimX = 2 and that f := (/i, /2) : X — ^ K^, 5 := maxjjj : 1 < j < 
N} and df^^df^ G N are as in theorem 3.8. If preserves {/i,/2} at oo then for almost all 
a E X, (C) holds with an equality. 

Proof. Note that for each a e X, replacing / by / — a does not affect the assumptions on /. 
Therefore it suffices to show that if X^ preserves {/i, /2} at oo over then (C) holds with an 
equality for a = 0. 

Let X'^' (resp. X'''i) be the closure of the diagonal embedding of X into X^ x X^h x X^f^ 
(resp. X^fi X X^f^y Then there is a system of maps as follows: 




oo) and 



such that each map is the identity on X. Fix an i, 1 < i < 2. Let := 7r*(-D/' 
D'. := 7r'*(A) = K*iDd ' oo)' where n'^ := m o tt'. Due to lemma 3.7, on X"', [div^,, (/f^*)] = 
d/j7rf (div^*(/i))] - ef^[D'^. Since vrf (div^* (/j)) = div^(/i) according to proposition 5.3, it 
follows that [div-^r,'{fi ^')] = <^/f [div^(/j)] — e/.[D^] and therefore 

{D[,D',) = ^(di^(/i),dh^(/2)) . 
e/ie/2 
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By assumption preserves {/i,/2} at oo. It follows that X'^' also preserves {/i,/2} at oo. 
Therefore the points at the intersection of supports of divj(^(/i) and divjf(/2) are precisely 
the points of /~^(0) a intersections of F(/i) and V^f-i). This implies that 

\r\n = (di^(/i),di^(/2)) = ^{D[,D',) . (11) 

Moreover intersection numbers are preserved under the pull backs by proper birational mor- 
phisms [2, Example 2.4.3] and therefore {D'^.D'^) = {tt'*{Di),tt'*{D2)) = {Di,D2). Recall 
that (1)1,1)2) = deg(s(X'')) according to (??), where s is the Segre embedding of X^ into 
the product of ambient spaces of X^h and X^f2 . Combining the latter equality with (11), we 
obtain the desired equality. □ 

Lemma 5.5. Let iji, . . . ,rjk be complete degree like functions on A. Then there is a complete 
degree like function rj and proper maps : X'^ — >■ X^' for z = 1, . . . , A; such that the following 
diagram commutes for each i: 



J 

■X 



Proof. Clear: let X'^ be the closure of the diagonal embedding of X into X^^ x • • • x . □ 

Assume for all A := (Ai, . . . , Ajv) with Xj > 1, S^^^ := msix{\jSj ■ 1 < j < N} is finitely 
generated. Let {X^ : i > 1} be an enumeration of N^. For each i, let gi := (/i)^!*^^! (/2)'^2'^-^2 . 
As above, define quasidegree Sn, on A, choose a suitable d„, € N and let Ds„, d„. be the divisor 
at 00 on X^!>i . By lemma 5.5, there exist completions Xi,X2, ■ ■ ■ of X and a system of maps 
as follows: 

X^Si X^^i-l X^B2 X^Bl 

ft ft 
^Xi ^X2 ^Xi ^x^ 

^ X 

X^h ■ ■ ■ X^Sr. 

Fix K > \. For each j < K and each k > K, we can pull back on X^ the Cartier 
divisor Dg^ d„. and we can also pull back each Ds. dt for « = 1,2. If Di,D2 are Cartier 
divisors on X^ which arc linear combinations of those in the preceeding sentence, the inter- 
section product (1)1,1)2) is independent of A; [?, Example 2.4.3]. In particular, (D^ . d Y 
(Dsf df iDsf dt ) are well defined for each ?' < 1 and 1 < ii.i2 ^ n. Now fix any ?'. Let 
Vg. (resp. Vf. for 1 < i < 2) be the (principal) Cartier divisor on X generated by gj (rep. /j). 
Then Vg. = ^f^^ >^idf,Vf^. Applied to Xj, lemma 3.7 implies that ((/i)'^^0 = t^/.^/. " ^<5/,,d/, 
for each i, so that {gj) = E-=i Hdj^ifi) = Eli Hid A -Ds^^,dfJ = Vg^ - Eli H^S.^^u- 
By lemma 3.7 again, it follows that Ds^.^dg^ = dg.Y^=\H,^5f 4f ■ Therefore, the function 

: ^ N defined by: 

(^5 d ? 
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depends polynomially on its arguments, since 

2 
i=l 

We say that i/ separates 5i, . . . , (5iv if for all Ai, . . . , Ajv G N, flili I'iFk'^') = i^iCi^i F^^') 
for all sufficiently large k. 

Example 5.6. Let -< be any total ordering on Z" such that it is compatible with addition. 
Define V : C[xi, . . . ,a:„] by: ^o^") •= min^{a : 7^ 0}. Then u separates all 

the weighted degrees in xi, . . . , coordinates. 

Example 5.7. Let wi := x — and W2 := x + y^. Then C[x,y] = C[ttJi,y] = C[w2,y]. 
Let 6i be the degree in {wi,y) coordinates, 1 < z < 2, and ly be any valuatoin on C[x,y] 
induced by an ordering of monomials in {x,y). Then -< does not separate Si and 62- Indeed, 
F^^ = C{l,y,x - y2) and = C{l,y,x + y^). Consequently, F^^ n = C(l,y) and 

u (^fI^ n j = {(0, 0), (0, 1)}. On the other hand, u (^F^^^ Hu (^Ff^^ = {(0, 0), (0, 1), (1, 0)}. 

Now let X, S, f be as in Theorem 3.8 and let be a valuation on A := K[X] that separates 
Si,. . . ,Sn- Let Cj be the smallest closed cone in containing 

Gj:={{^6g^ih),,.ih))eZl:heA}. 
For each A G N", let be the smallest cone in containing 

By lemma 3.7 and proposition 3.5, {D^g.^dg.)"^ = 2Vol(Aj), where Aj is the convex hull of 
the cross-section of Cj at the first coordinate value 1. Since v separates Si,...,Sn-, it follows 
that Cj = Cj^i n • • • n Cj^N, where for each k, Cj^k be the smallest closed cone in containing 

^^■'^ ^^ dg.sligj) ^"^^^' ^^^^^ ezl-.heA}. 



It follows that 

' N 



M{\i,\2) = Vol l^fl {Xidij + X2d2j) A(^) 

For appropriate dij and A^^^'s. 

Now, [6, Therorem 6.4] implies that each A'^-'^ has linear edges. Since 7W is a homogeous 
polynomial of degree 2 in A^'s, this forces that the sums and intersection commute in the 
preceding expression for 7W, i.e. 

(AT TV 
Ai P dij A^^) + ^2 n d2jA^^^ 

It follows from comparing the preceding expression with (12), that {Dsf_^^df^j Ds^^^df^) is pre- 
cisely the mixed volume of f^^^^dijA^^^ and f]^^2 d'2j A^^\ as required. 
Remark. The theorem has to be stated explicitly! 
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